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Abstract
In this manuscript, we will discuss the construction of covariant derivative operator in quantum gravity.
We will find it is more perceptive alternative to use affine connections more general than metric compatible
connections in quantum gravity. We will demonstrate this using the canonical quantization procedure. This
is valid irrespective of the presence and nature of sources. The conventional Palatini and metric-affine
formalisms, where the actions are linear in the scalar curvature with metric and affine connections being the
the independent variables, are not much suitable to construct a source-free theory of gravity with general
affine connections. This is also valid for many minimally coupled interacting theories where sources only
couple with metric by using the Levi-Civita connections exclusively. We will discuss potential formalism
of affine connections to introduce affine connections more general than metric compatible connections in
gravity. We will also discuss possible extensions of the actions for this purpose. General affine connections
introduce new fields in gravity besides metric. In this article, we will consider a simple potential formalism
with symmetric affine connections and symmetric Ricci tensor. Corresponding affine connections introduce
only two massless scalar fields. One of these fields contributes a stress-tensor with opposite sign to the
sources of Einstein’s equation when we state the equation using the Levi-Civita connections. This means
we have a massless scalar field with negative stress-tensor in Einstein’s equation. These scalar fields can be
useful to explain dark energy and inflation. These fields bring us beyond strict local Minkowski geometries.
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2I. Introduction
It is now accepted in modern cosmology that the matter and radiation dominated era of cosmic epoch
is sandwiched between two periods of cosmic acceleration: inflation and dark energy [1,2,3,4,5,6]. The
inflationary scenario is based on some scalar field called inflation. The term dark energy is reserved for an
unknown form of energy which not only has not been detected directly, but also does not cluster as ordinary
matter does. It is hypothesized to have negative pressure to explain present cosmic acceleration. Besides
these, we also need dark matter which does not mediate electromagnetic interactions and are observed
by their gravitational effects [6,7,8,9]. Present data from different sources, such as the Cosmic Microwave
Background Radiation (CMBR) and supernovae surveys, seem to indicate that the energy composition of
the universe consists of 20% dark matter, 76% dark energy and the rest ordinary baryonic matter. The
simplest candidate for dark energy is the cosmological constant Λ with constant energy density although we
will have to explain its small magnitude [6,10]. There are two approaches to explain cosmic acceleration as
alternatives to the cosmological constant model. The first is to supplement the source stress-tensor part of
Einstein’s equation by specific forms of stress-tensor with negative pressure. Among various models, cosmons
or quintessence, k-essence and perfect fluid models are mostly studied [11,12,13]. The second approach to
explain dark energy is to modify the gravitational part of Einstein’s equation. Examples are the so-called
f(R) gravity [9,14], scalar-tensor theories [15,16] and braneworld models [17,18]. The modified gravity
models are more strongly constrained than the modified matter models from astrophysical and cosmological
observations. Despite a lot of efforts during the last two decades, it is fair to say that we are yet to explain
the origin of the inflation, cosmological constant, dark energy and dark matter. The Λ-Cold Dark Matter
(ΛCDM) model can not explain the origin of the above set of fields.
There have been fair amount of works to extend the Einstein-Hilbert action to construct a renormalizable
theory of quantum gravity [19,20]. It was also found that when quantum corrections are taken into account,
the effective low energy gravitational action admits higher order curvature invariants [21,22,23,24]. The
gravitational part of Einstein’s equation changes when we use such actions. These actions have been useful
to construct various modified theories of gravity mentioned above.
In this manuscript, we will try to find if quantum gravity can introduce additional fields besides metric. We
will discuss this with reference to the construction of covariant derivative operator in quantum gravity. We
can introduce a metric in a spacetime manifold provided it satisfies a few very general topological conditions
[25]. To construct covariant differential equations for different tensor fields, we have to introduce additional
structures in spacetime. These structures are known as connections. They can be introduced in a differential
manifold independent of metric [26,27]. In gravity, we only consider affine connections which we will describe
briefly in section:II. In this article we will find it is a perceptive alternative to use affine connections more
general than metric compatible affine connections in quantum gravity. We will demonstrate this using the
canonical quantization procedure. General affine connections introduce additional fields in the theory that
can be useful to explain cosmological observations mentioned before and can introduce new effects. These
fields are non-localized similar to dark energy and inflation. In this article, we have considered a simple
case with symmetric Ricci tensor. Corresponding affine connections are symmetric and introduce only two
massless scalar fields. One of these gives a stress tensor with opposite sign to the sources of Einstein’s
equation in the classical theory when we state the equation using the Levi-Civita connections. This means
we have a source with negative stress tensor in the familiar Einstein equation. These scalar fields can be
possible candidates for dark energy and inflation. These two fields break strict local Minkowski structure
of spacetime. Global splitting of spacetime into space and time no longer remains exact in such spaces.
This is an important issue in quantum gravity [28,29,30,31]. Finding the particle interpretations and other
possible interactions of the above fields are non-trivial problems without local Minkowski structure. However,
experiments suggest that such effects are very small in the present universe and the corresponding scalars
mentioned above are also small. Their effects can be observed in large scale phenomena like the present
cosmic acceleration. This is also consistent with the smallness of the parameters like the cosmological
constant required to explain dark energy in some models mentioned at the beginning. The effects of these
fields will be large in the quantum gravity domain. We note that vacuum fluctuations of these fields can
also be useful in cosmology. The plan of the paper is then as follows.
We will give a brief description of differential geometry with general affine connections in section:II. This
is required to construct a theory of gravity with general affine connections. We will start with a definition
of general affine connections [26,27,28,32,33,34]. In the rest of this article, we will deal with only affine
connections and denote general affine connections by affine connections or connection coefficients. The
well-known Levi-Civita connections are a special set of affine connections which obey additional conditions.
Affine connections may be asymmetric in the lower indices and need not to be compatible with metric or any
symmetric second rank covariant tensor [26]. Affine connections give an additional third rank tensor besides
3metric. In this article, we denote this field by Cαµν . Antisymmetric part of this tensor in the covariant indices
is half of torsion [26], and give antisymmetric fluctuations in affine connections away from the Levi-Civita
connections. Symmetric fluctuations of affine connections off the Levi-Civita connections are described by
the symmetric part of Cαµν in the lower indices and this field is not considered in conventional theories of
quantum gravity even with sources. In general, this field can be finite when torsion is so. This is evident
from Eqs.(25-28). The symmetric part of Cαµν in the lower indices can introduce new symmetric second
rank covariant tensors and scalars in gravity besides metric.
In section:III, we will find it is more appropriate to use affine connections more general than metric
compatible connections in quantum gravity. We will use the canonical quantization procedure and the
Arnowitt-Deser-Misner (ADM) formalism [29] to show this. This is valid irrespective of the presence and
nature of sources. This is a general mathematical issue which will be there, in a theory of quantum gravity
which is not a quantum field theory in a fixed background, provided some components of metric can be
taken as independent variables in a neighborhood of the spacetime manifold. This can be done around any
regular point of the spacetime manifold [35,36,37]. We will also use the general metric-metric commutators
to illustrate this issue [28].
In section:IV, we will discuss the construction of a suitable action, where metric and affine connections are
the independent variables, for a quantum theory of gravity. We will first consider the Palatini and metric-
affine formalisms [28,38]. In these formalisms, the gravitational Lagrangian density is given by the scalar
curvature obtained from the corresponding general affine connections. The Palatini action principle leads
to metric compatible Levi-Civita connections. This is not suitable to construct quantum gravity where we
need to remove the metric compatibility condition even in the source-free theory. The metric-affine theory
without sources can only introduce a limited version of non-metricity due to projective invariance. Thus,
it is appropriate to extend these formalisms to introduce non-metricity. We will have to extend both the
formalisms if we want to have dynamics for Cαµν .
We will discuss a potential formalism of affine connections in section:V. By potential formalism we mean
a formalism where Cαµν is derived from a tensor of lower rank. This is case with the Levi-Civita connections
that are derived from metric. This formalism can introduce finite and dynamic affine connections in the
Palatini and metric-affine gravity even when there is no source and introduces a new second rank covariant
tensor in the theory. We can also modify the actions by introducing higher order curvature invariants or use
theories like Palatini f(R) gravity and metric-affine f(R) gravity to introduce dynamical Cαµν . In section:VI
we will discuss simple applications of the potential formalism mentioned above.
II. Affine Connections and Covariant Derivatives
In this section, we will briefly discuss differential geometry of of curved spaces with general affine connec-
tions. We will also mention the generalization of the Einstein-Hilbert action with general affine connections.
This formalism is known as the metric-affine theory of gravity [38]. Four properties of ordinary derivatives
and transformation rules of tensors under the change of coordinate systems are used to construct covariant
derivatives in a general manifold [26,28]. Consequently, covariant derivatives in a curved spacetime inherit
these properties. We state them in the following:
(I) The linearity property: ∇µ[ap..αi....βj .. + bq..αi....βj .. ] = a∇µp..αi....βj .. + b∇µq..αi....βj .. . Where, a, b are two constants
and p..αi....βj .., q
..αi..
..βj ..
are two well-behaved tensor fields.
(II) For a well-behaved scalar field f , and a vector field tµ, t(f) = tµ∇µ(f). Here, t(f) denotes directional
derivative of the scalar field in the direction of the vector field.
(III) The Leibnitz rule:
∇µ[p..αi....βj ..q..αi....βj .. ] = [∇µp..αi....βj ..]q..αi....βj .. + p..αi....βj ..[∇µq..αi....βj .. ] (1)
Here, p..αi....βj .., q
..αi..
..βj ..
are two arbitrary well-behaved tensor fields.
(IV) Commutativity between contraction and covariant derivative:
∇µ[C(p..αi....βj ..)] = C(∇µ[p..αi....βj ..]) (2)
Here, C( ) denotes contraction operation between upper and lower indices using the Kronecker’s delta. These
properties and tensorial character of covariant derivatives lead to the following property:
(V) We define torsion tensor through the following relation:
4[∇µ∇ν −∇ν∇µ]f = −Tαµν∇αf (3)
where, f is a well-behaved scalar field. Tαµν is torsion tensor.
We can construct a covariant derivative operator having properties (I - IV):
∇µAν = ∇¨µAν −ΘαµνAα (4)
Here, Θαµν are connections. In general relativity, we choose ∇¨µ ≡ ∂µ, where ∂µ is ordinary partial derivative
and we have: t(f) = tµ∂µ(f). Corresponding connections for which ∇µ is a covariant derivative operator
and satisfy the above conditions are known as affine connections or connection coefficients [26,28]. In this
article, we have used the terms affine connections or connection coefficients to denote the most general
affine connections. The well known Levi-Civita connections are a special set of affine connections that
obey additional conditions to be mentioned below. Tensorial character of covariant derivatives impose the
following transformation rule on affine connections:
Θ¯αµν =
∂x¯α
∂xλ
∂xκ
∂x¯µ
∂xτ
∂x¯ν
Θλκτ +
∂x¯α
∂xλ
∂2xλ
∂x¯µ∂x¯ν
(5)
We can make Θαµν symmetric in the lower indices. Corresponding connections are known as the Chistoffel
symbols [28]. We can introduce additional conditions on the Chistoffel symbols. In general relativity, we
introduce the Levi-Civita connections through the following metric compatibility conditions [28]:
∇µ[gαβ ] = 0 (6)
We have the following expressions for them:
Θαµν = Γ
α
µν =
1
2
[∂µ(gκν) + ∂ν(gµκ)− ∂κ(gµν)]gακ (7)
The above expression shows that the Levi-Civita connections are dependent on partial derivatives of metric
and are symmetric in the lower indices. Note that, we can have other solutions of Eq.(6) by introducing
additional fields besides metric. We will use such connections below. Torsion is zero when connections
are symmetric in the lower indices. Thus, the right hand side of Eq.(3) is zero when we use the Levi-
Civita connections. The familiar solutions of Einstein’s equation in general relativity satisfy the torsion-free
condition [28]. In this article, we will show that we have to use affine connections more general than metric
compatible connections in quantum gravity.
We next consider the metric-affine theory of gravity. The source-free action is given by [28,38]:
S =
∫ √−gRe (8)
Where, g is the determinant of metric,
√−ge is the natural volume element associated with metric and R
is the scalar curvature. In this formalism, both metric and affine connections are the independent variables.
We have the following expression for covariant derivative operator [28]:
∇µAν = ∇′µAν − CαµνAα (9)
Here, Cαµν is an arbitrary well-behaved field. It can be symmetric or asymmetric in the lower indices. ∇′µ
is a given covariant derivative which have properties (I - IV) and obey the torsion-free condition. We choose
∇′µ to be given by the following expression:
∇′µAν = ∂µAν − ΓαµνAα (10)
Here, Γαµν are the Levi-Civita connections associated with metric gµν . With this choice of∇′µ, Cαµν is a third
rank tensor. This follows from the transformation properties of affine connections given by Eq.(5) and the
5definition of Levi-Civita connections given by Eq.(7). Note that, ∇′µ commutes with index raising/lowering
operations although ∇µ does not. This is another advantage of using Eqs.(9,10).
A restricted version of the metric-affine action mentioned above is obtained if we only consider Cαµν
that are symmetric in the lower indices. This is known as the Palatini formalism [28]. In many cases, the
symmetric part of affine connections in Eq.(9) can be given by the following expression [26]:
Sαµν = Γ
α
µν + C˜
α
µν (11)
=
1
2
[∂µ(bκν) + ∂ν(bµκ)− ∂κ(bµν)]b˜ακ
Where, Γαµν are the Levi-Civita connections and given by Eq.(7). C˜
α
µν is the symmetric part of C
α
µν in the
lower indices. bµν is a non-singular symmetric covariant tensor and can be expressed as:
bµν = gµν + aµν (12)
The inverse of bµν , b˜
µν , is a contravariant tensor [26] and can be expressed as b˜µν = gµν + dµν . Note that
b˜µν is different from bµν and Sαµν satisfy the compatibility conditions: bµν|α = 0, where the bar denotes
covariant derivative with connections Sαµν . We will later find that the Ricci tensor is symmetric when affine
connections are exclusively given by Eq.(11). However, Eq.(11) is not valid when the Ricci tensor is not
symmetric. The antisymmetric part of Cαµν in the lower indices gives half of torsion tensor [26]. In the
metric-affine and Palatini formalisms, metric and respective Cαµν are taken to be the independent variables.
The Riemann curvature tensor is now defined by the following expressions, [26,28,39]:
(∇µ∇ν −∇ν∇µ)Aαβ = −R αµνκ Aκβ +R κµνβ Aακ − Tκµν∇κAαβ (13)
R κµνα = R
′ κ
µνα + 2∇′[νCκµ]α + 2[Cλ[µ|α|Cκν|λ|]]
Tκµν = C
κ
µν − Cκνµ
Here, R′ κµνα is the Riemann curvature tensor associated with the derivative ∇′µ in Eq.(10), and is given
by the familiar expression in terms of ordinary partial derivatives of Γαµν [28]. T
κ
µν is torsion tensor. The
second equation is always valid when Γαµν is symmetric in the lower indices. The curvature scalar is obtained
by usual contractions and is given by Eq.(22).
III. Affine Connections in Quantum Gravity
We now consider quantization of gravity by using the canonical quantization procedure. Canonical quan-
tization is important to find the particle spectrum when we quantize a classical theory. In the canonical
quantization of gravity, metric becomes operator on a Hilbert space. We represent such operators by carets.
Affine connections present in the covariant derivatives act on the tensor operators and we represent them also
by the symbols: Θˆαµν . Affine connections will contain components of metric and their spacetime derivatives
and also other fields as evident from the previous discussions.
In a Hamiltonian formulation, induced metric on a set of constant time surfaces is used as dynamical
variable. The induced metric on a set of constant time surfaces is given by:
hµν = gµν + nµnν (14)
where nµ is the unit normal to the constant time surfaces. An expression for conjugate momenta is given by
Eq.(18). We presently use the symbols hˆ, pˆi to denote the corresponding collection of canonical operators.
In general, the Levi-Civita connections contain metric and time derivative of metric components and hence,
will depend on the canonical conjugate variables (hˆ, pˆi). We now express covariant derivative operator in the
following form:
∇ˆ′µAˆν = [∂µ − Γˆαµν(∂gˆ, gˆ)]Aˆα = [∂µ − Γˆαµν(pˆi, hˆ)]Aˆα (15)
6Here, Γˆαµν are operator version of the Levi-Civita connections. We adopt the following operator ordering in
connection coefficients. Whenever there appears a product between partial derivatives of metric and metric
itself, the partial derivative is kept as the first term and metric is kept as the second term. The ordering of
the operators (hˆ, pˆi) in Γˆαµν is given to be the same as that written in the above equation, i.e, hˆ is kept as
the successor of pˆi.
We next consider the operator: qµ∇ˆ′µqν , where qµ is a vector field acting as qµIˆ on the Hilbert space.
This operator contains canonical conjugate pairs of variables when we choose affine connections to be given
by the Levi-Civita connections. In this case, we will have the following expression:
[qµ∇ˆ′µqν ] |Ψ〉 6= 0 (16)
remaining valid in a given state |Ψ〉 with an arbitrary well-behaved vector field qµ. We will not have a
complete set of states for which the expectation value of the operator in the l.h.s is zero with negligible
fluctuations for all well-behaved vector fields. This will be valid only in the classical limit, and is a subject
similar to the familiar Ehrenfest’s theorems in non-relativistic quantum mechanics. Similar discussions will
remain valid even if we choose affine connections to be given by the operator versions of Eqs.(9,10). In general,
affine connections will contain canonical pairs of variables from metric sector to have proper classical limit
of the Levi-Civita connections, and the concept of geodesics will not remain exact for all vector fields in a
quantum state. This will also remain valid for parallel transport and the notion of parallel transport is not
exact in a quantum theory of gravity. This is expected and indicates that we can use affine connections more
general than the metric compatible connections even in free quantum gravity.
We now consider the metric compatibility conditions. The metric compatibility conditions given by Eq.(6)
are to be replaced by the operator identity: ∇ˆ′µ[gˆαβ ] ≡ 0. The action of ∇ˆ′µ[gˆαβ ] on any state is zero if
connection operators are given by the Levi-Civita connection operators and we choose the operator ordering
same as that mentioned below Eq.(15). Here, we always keep metric operators as the successors of the
partial derivatives of themselves. Thus, the ordering of the different operators in the quantum version of
the Levi-Civita connections will be the same as that given in Eq.(7). The same will also remain valid for
∇ˆ′µ[gˆαβ ]. Here, gˆαβ will be kept at the right of the Levi-Civita connections. We also define the contravariant
components of metric as: gˆακgˆκβ = δ
α
β . This ordering leads to the operator identity: ∇ˆ′µ[gˆαβ ] ≡ 0 irrespective
of the ordering of (hˆ, pˆi) chosen in the partial derivatives of metric components. However, the operator version
of metric compatibility conditions need not be consistent with a canonical quantization condition. We will
demonstrate this in the following.
As mentioned above, in a Hamiltonian formulation we use induced metric on a set of constant time surfaces
as dynamical variable. Thus, gµν is replaced by: hµν = gµν + nµnν . Here, nµ is given by (−N, 0, 0, 0), N
being the lapse function. The contravariant nµ is given by: 1N (1,−N1,−N2,−N3); where N i are the shift
functions. We have: g00 = NkN
k − N2, g0i = Ni and Ni = gijN j , [29,37]. The induced metric on the
constant time surfaces coincide with the spatial part of gµν which are expressed as gij . These fields are taken
to dynamical variables in general relativity and we have the following Poisson brackets:
{
gij(t, ~x), pi
kl(t, ~y)
}
= δk(iδ
l
j)[δ(~x, ~y)] (17)
where, ~x refers to the spatial coordinates and the Poisson bracket is evaluated at equal time. The delta
function is defined without recourse to metric. The conjugate momentum is a spatial tensor density and is
given by:
pipl = −
√
|gij |(Kpl −Kgpl) (18)
where |gij | is the determinant of the spatial metric, Kpl = −∇′pnl is the extrinsic curvature of the spatial
sections, gpl is the inverse of gpl and K is the trace of the extrinsic curvature taken w.r.t gij [28,37]. We
can also define the Poisson brackets for the lapse and shift functions although their conjugate momenta
vanish giving primary constraints [37]. Thus, in a Hamiltonian formulation with the Einstein-Hilbert action,
we have constraints and we can not naively replace the Poisson brackets by commutators when we try to
quantize the theory [37]. There are two principal approaches to quantize the theory [36,37]. In the first
approach, gauge fixing conditions are introduced to render the complete set of constraints second class [37].
These conditions also determine the lapse and shift functions. We then pick two components of gij as
independent variables and quantize these components using standard commutation relations. We can solve
7the constraints to evaluate other commutators. The second approach is similar to the Gupta-Bleuler method
used to quantize electrodynamics and was initiated by Dirac [37,40]. In this approach the classical variables
are treated as independent variables and the constraints are imposed on the quantum states. In this case,
we can replace the classical Poisson brackets by commutators when we quantize the theory.
We now demonstrate that it is appropriate to extend the Levi-Civita connections and metric compatibility
conditions as long as we can regard components of spatial metric on the constant time surfaces as independent
physical variables subjected to usual canonical quantization conditions. We will also find that we can not
have a Hilbert space on which we can impose the metric compatibility conditions when such quantization
conditions remain valid. In the following, we will restrict our attention to a neighborhood around a regular
point ′x′. We can extend the neighborhood to the complete spacetime manifold leaving away singularities
and other possible irregular points associated with the constraints [36,37]. We pick a component of spatial
metric, say gpl, as an independent physical variable. We then have the following equal time commutator:
[gˆpl(t, ~x), pˆi
pl(t, ~y)] = iδp(pδ
l
l)[δ(~x, ~y)] (19)
where, the point ′y′ belongs to the above mentioned neighborhood of ′x′. There will be another such
commutator for the other independent variable. The r.h.s of the commutator is taken to be a distribution
that is a spatial tensor density in the spatial coordinates of pˆipl(t, ~y). The r.h.s will be replaced by different
expressions when we replace gˆpl(t, ~x) by any dependent component of metric including g0µ. These terms are
determined by the secondary constraints, gauge fixing conditions, definitions of the lapse and shift functions
given before and the fundamental commutators given by the above equation. Covariant derivatives give
changes in a tensor when we move from one point to a neighbouring point. If the Levi-Civita connections are
consistent with the commutators obtained above, corresponding spatial covariant derivatives of both sides of
any of the commutators w.r.t the arguments of metric will agree since both sides are equal for all components
of metric. We now consider Eq.(19). The action of ∇ˆ′xk on the r.h.s is same as that on a second rank covariant
tensor and will contain spatial partial derivatives of the delta function. It will also contain additional terms
dependent on connections and metric that can also explicitly depend on time due to explicit time dependence
of the gauge fixing conditions [37]. The later terms are of the form: −i[Γˆµkp(t, ~x)Xˆplµl + Γˆµkl(t, ~x)Xˆplpµ], where
iXˆplαβ is the r.h.s of Eq.(19) when gˆpl(x) is replaced by general gˆαβ(x). This covariant derivative is not
vanishing in general for all values of ~x. The left hand side vanishes as can be found from the following
expression:
∇ˆ′xk {gˆpl(t, ~x)} pˆipl(t, ~y)− pˆipl(t, ~y)∇ˆ′xk {gˆpl(t, ~x)} = 0 (20)
This follows since we are imposing the operator versions of the metric compatibility conditions. This can
also be seen by applying the l.h.s of the above equation to any state, introducing a sum over a complete set
of states between the products of the operators and using the fact that the action of ∇ˆ′µ[gˆαβ ] on any state is
zero if connection operators are given by the Levi-Civita connection operators with operator ordering chosen
below Eq.(16). Thus, the Levi-Civita connections are not consistent with the canonical commutators given
by Eq.(19). We will consider other operator ordering in the Levi-Civita symbols in Appendix:A and we will
find that similar inconsistency arise in these cases also. Similar situation will remain valid for any point in
the manifold where we can introduce constant time surfaces and assume the existence of a metric component
as an independent field in a neighborhood around that point. The above inconsistency will also arise with a
different choice of constant time surfaces. Thus, there will be a multitude of coordinate systems where we can
not use the Levi-Civita connections as connection coefficients if we impose the quantization condition given
by Eq.(19). This also indicates that we can not use the Levi-Civita connections as connection coefficients in
all coordinate systems that are diffeomorphic to these coordinate systems due to the tensorial character of
Cαµν .
In Dirac’s approach to quantize gravity, all the classical variables are independent and we quantize them
accordingly. We can find out [gˆ0β(t, ~x), pˆi
pl(t, ~y)] from the definitions of the lapse and shift functions and
[Nˆλ(t, ~x), pˆipl(t, ~y)] = 0, where N0 = N , [37]. All spatial components gij satisfy canonical commutation
relations given by Eq.(19). We will again have the inconsistency mentioned above when we use the Levi-
Civita connections. In this case, the action of ∇ˆ′xk on the r.h.s of Eq.(19) is given by expressions like:
i[∂xkδ(~x, ~y) − 2Γˆ0kp(t, ~x)Nˆp(t, ~x)δ(~x, ~y) − 2Γˆpkp(t, ~x)δ(~x, ~y)], where we have taken p = l and there is no
sum over the repeated indices. Also, we can not make the Levi-Civita connections consistent with the
commutation relation given by Eq.(19) by introducing additional constraints on the physical Hilbert space.
If we demand that the action of ∇ˆ′xk to the r.h.s of Eq.(19) vanishes on the physical Hilbert space, we will
have the constraint:
8[∂xkδ(~x, ~y)− 2Γˆ0kp(t, ~x)Nˆp(t, ~x)δ(~x, ~y)− 2Γˆpkp(t, ~x)δ(~x, ~y)]|Ψ〉 = 0 (21)
Where, we have again taken p = l and there is no sum over the repeated indices. There will be other similar
constraints associated with other commutators. These states also satisfy the secondary constraints. We have
used the operator identities ∇ˆ′µgˆαβ = 0, and the Levi-Civita connections. All the above conditions will lead
to singular expressions involving δ(0) and the partial derivatives δ′(0) for expectation values of some of the
variables: gˆ0µ, gˆij , Nˆ
p and Γˆαµν . This is valid for all physical states and is physically undesirable. Lastly,
the above problems will arise if we use any set of metric compatible connections.
In the first approach to quantize the theory, it is unlikely that there will exist a set of gauges that
is time dependent, render the complete set of constraints second class and also remove the inconsistency
mentioned above. It is not possible to remove the inconsistency in the second approach to quantize the
theory. Also, it is expected that [gˆαβ(x
µ), gˆαβ(y
ν)] will depend on (xµ, yν) non-trivially with non-vanishing
covariant derivatives [28]. We can consider semiclassical theories like quantum fields in curved spaces to
assume so. Thus, it is more appropriate to use connections more general than metric compatible connections
in quantum gravity. The above discussions are valid irrespective of the presence and nature of sources. We
can analyze this issue further in the following way. The Levi-Civita connections and metric compatibility
conditions are taken as basic assumptions to calculate the scalar curvature when we use the Einstein-Hilbert
action to describe classical and quantum gravity. It is better to discuss quantization and non-metricity using
the metric-affine action or Palatini action where Cαµν in Eq.(9) is an independent field. In this article, non-
metricity means ∇µgαβ 6= 0. A quantitative definition is given by Eq.(54). We will discuss the corresponding
variational problems and non-metricity in the next section. We will address the issue of (3+1) -decomposition
of spacetime into space and time in presence of non-metricity below Eq.(55) in section:VI.
IV. Affine Connections and the Lagrangian Formalisms
In this section, we will discuss the kinematics of the metric-affine and Palatini formalisms. This will help
us to identify the degrees of freedom when we use these formalisms that include affine connections as the
independent variables. This is important in the quantum theory to impose quantization conditions which
require non-metricity. In the Palatini formalism we only consider symmetric Cαµν in Eqs.(9,10). We also
consider sources that do not couple with Cαµν . Important examples are source free theory and minimally
coupled scalar and electromagnetic field in the semiclassical limit of quantum gravity which presently is a
locally Lorentz invariant theory of quantum fields in curved spaces. Another important class of examples
are many astrophysical systems like the Solar system. In the metric-affine gravity we consider general Cαµν
and also sources that couple with Cαµν . An example is fermions which couple with torsion through local
Lorentz invariance in the semiclassical limit of quantum gravity [41]. However, as we have found in the
previous section, we require non-metricity even in source-free quantum gravity. Thus, in the following we
first consider the solutions of the variational problem in the metric-affine gravity with sources that do not
couple with Cαµν . This can include the source-free theory and the Palatini formalism as special cases. We
will consider coupling of matter field with Cαµν at the later part of the present section.
In the metric-affine theory, the Ricci tensor is given by: Rµν = R
κ
µκν , where R
κ
µκν can be obtained from
Eq.(13). The Ricci tensor, scalar curvature and metric-affine action are given by the following expressions
when we use affine connections given by Eqs.(9,10):
Rµα = R
′
µα + 2∇′[κCκµ]α + 2[Cλ[µ|α|Cκκ|λ|]] (22)
R = R′ + 2gµα
{
∇′[κCκµ]α + [Cλ[µ|α|Cκκ|λ|]]
}
S =
∫ √−gRe+ κMSM (ψ, gµν)
Where, R′µα is the Ricci tensor evaluated using the Levi-Civita connections and R′ is the corresponding
scalar curvature. ψ is matter field and the matter field action SM (ψ, gµν) does not contain C
α
µν . κM is a
constant depending on the nature of source [28]. In this article, by matter fields we will mean both matter
and gauge fields unless otherwise stated. We now extremize the action given by the last equation w.r.t
Cαµν . Covariant derivatives of the scalar density
√−g are zero when we use the Levi-Civita connections.
The second term of the scalar curvature gives a boundary term by the Levi-Civita connections of ∇′µ and
9Gauss’s law form of Stoke’s theorem [26,28]. This boundary term vanishes when Cαµν is held fixed at the
boundary. We then have the following equation as the solution of variational problem when Cαµν is held
fixed at the boundary:
Cκκλg
µα + Cακκδ
µ
λ − Cµαλ − Cα µλ = 0 (23)
There is no contribution from the source fields in the present case. This is an algebraic equation giving
constraints on Cαµν . We obtain the following equation when we extremize the action w.r.t gµν :
G(µα) = R(µα) − 1
2
Rgµα = 8piPµα (24)
Rµα = R′µα + 2[Cλ[µ|α|Cκκ|λ|]]
R = gµαRµα
Where, Rµν and Gµν are the modified Ricci tensor and modified Einstein tensor respectively. They coincide
with the Ricci tensor and Einstein tensor when Cαµν is absent. Pµα is matter field stress tensor which
is related to the variational derivative of matter field action w.r.t gµα by: 8piPµα = − κM√−g δSMδgµα . Here δ
denotes functional derivatives and Pµα is symmetric. Again, the second term of the curvature scalar does
not contribute to Einstein’s equation by the Levi-Civita connections of ∇′µ and the Gauss’s law form of
Stoke’s theorem when metric is held fixed at the boundary. The first order change in R′µα due to change in
metric is given by: ∇′[κδΓκµ]α, where δΓκµα is the change in Levi-Civita connection due to change in metric.
This term does not contribute to the equation of motion by the Stoke’s theorem. Here, we have assumed
that metric and its first order derivatives are held fixed at the boundary [28].
We now construct the solutions of Eq.(23). A contraction over (λ, µ) leads to the following equation:
Hκ ακ +
3
2
C˜ακκ = 0 (25)
An alternate contraction over (α, µ) leads to the following equation:
4Hκκλ + 2C˜
κ
κλ + C˜
κ
λ κ = 0 (26)
Here, C˜αµν is the symmetric part of C
α
µν and H
α
µν =
1
2 (C
α
µν − Cανµ) = 12Tαµν , is half of torsion tensor.
These two equations give the following equations from Eq.(23):
Hκκλgµα +H
κ
κ(αgµ)λ + 3C˜(µα)λ = 0 (27)
and
Hκκ[αgµ]λ + 3H[µα]λ = 0 (28)
Eqs.(27,28) give a set of homogeneous equations for Cαµν that can not determine C
α
µν uniquely. We have
four-fold ambiguities associated with the projective transformation given by: Cαµν → Cαµν + δανξµ, where
ξµ is a regular covariant vector field [38]. This is a symmetry of the gravitational part of metric-affine action
and also of Eq.(23). Projective transformation can introduce a limited version of non-metricity. This no
longer remains valid for the Palatini formalism where we only consider symmetric Cαµν . Eqs.(27,28) give us
the Levi-Civita connections when we set Hκκµ = 0 which fixes ξµ = 0. Projective invariance need not to be
pertinent when we add sources in the metric-affine theory. Without any dynamic equation for itself, ξµ can
not produce non-trivial vacuum effects. Thus we will no longer consider projective transformation in the
following. We now consider the case when Cαµν is purely antisymmetric in the lower indices. In this case,
we have the following equations:
H[µα]λ = 0 ; (29)
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This gives vanishing solutions. With purely symmetric connections in the Palatini formalism, Eq.(27) also
gives vanishing solutions.
The above formalism will give non-vanishing solutions for Cαµν in presence of sources that couple with
Cαµν . This is the case in the metric-affine gravity with fermions if we consider locally Lorentz invariant
theory of quantum fields in curved spaces. Eq.(23) is replaced by the following expression:
Cκκλg
µα + Cακκδ
µ
λ − Cµαλ − Cα µλ = ∆ µαλ (30)
∆ µαλ = −κM
δSM (ψ, gµν , C
λ
µν)
δCλµν
Where, ∆ µαλ is known as the hypermomentum [32,38]. However, matter field Lagrangians are usually poly-
nomials in first order covariant derivatives. In addition, gauge fields do not couple with Cαµν to express
the corresponding field-strength tensors as gauge-covariant curls [41]. We will illustrate this briefly in sec-
tion:VI. Thus, the above equation remains an algebraic constraint. Hence, it is appropriate to extend the
metric-affine and Palatini formalisms in quantum gravity to have nontrivial dynamics for Cαµν . In the next
section, we will discuss a few theories as possible candidates for a theory of gravity with dynamic Cλµν .
In the metric-affine theory with sources, we have the scope to have finite C˜αµν when torsion is finite unless
we have a special source such that: Hκκλ = 0. The antisymmetric part of the Ricci tensor is given by the
following expression:
R[µα] = ∇′κHκµα −∇′[µCκ|κ|α] +HλµαCκκλ +
(
C˜λκαH
κ
λµ − C˜λκµHκλα
)
(31)
Where, ∇′κ is evaluated using the Levi-Civita part of complete connections. Note that, R′µα is symmetric
because: Γκκα = ∂α(ln
√|g|), where |g| is the absolute value of the metric determinant. Thus, in the metric-
affine formalism, the Ricci tensor is not symmetric in general in presence of sources. A purely symmetric
Ricci tensor will impose 6 additional constraints on the sources. The same is valid for the modified Ricci
tensor. In this case, the derivative terms will be absent. This is also important to construct a semiclassical
theory of fermions in a curved spacetime that can be derived from a variational principle.
The following discussions in this paragraph are valid when (3 + 1) -splitting is possible. This is a non-
trivial issue when we use general affine connection and will be discussed below Eq.(55). In the metric-affine
formalism discussed above, we can quantize the theory by considering (gµν , C
α
µν) as the complete set of
variables. Conjugate momenta of Cαµν vanish if we discard the four-divergences in the Lagrangian density.
Affine connections do not spoil the diffeomorphism invariance of the theory and the constraints will include
three sets: (i) four secondary constraints coming from the non-dynamical nature of the lapse and shift
functions and four gauge fixing conditions; (ii) 64 primary constrains: pi µνα = 0; (iii) 64 secondary constraints
given by Eq.(23) which are equivalent to: Cαµν = 0. The complete set of constraints are second class with
suitable gauge fixing conditions and we can try to impose quantization conditions similar to Eq.(19). We
will again have inconsistencies similar to that discussed in the previous section if we use the Levi-Civita
connections. With Cαµν = 0 being the unique solutions of Eq.(23), we will have to extend the standard
Palatini formalism to quantize generalized free gravity. This will also lead to general affine connections.
These aspects are also consistent with the discussions given below Eq.(29).
We conclude this section with a few comments on commutators. We consider the field-field commutators
for independent variables at two general space time points:
[φˆM (x
µ), φˆM (y
ν)] = iDM,M (x
µ, yν , φˆP ) (32)
Where, φˆM is an independent field operator from the complete set of fields that include metric and C
α
µν .
We will use the mixed tensor Cαµν to find the commutators since it can give covariant derivatives of mixed
tensors. DM,M will depend on the type of field and should be consistent with connection coefficients of the
theory. In the case of gravity, general commutators: [gˆαβ(x
µ), gˆαβ(y
ν)] will depend on (xµ, yν) nontrivially,
and it is appropriate to use connections more general than metric compatible connections in the quantum
theory. These metric-metric commutators will satisfy equations of the form:
∇ˆxτDαβ,αβ = 2i[Cˆ(α|τ |β)(xµ), gˆαβ(yν)] (33)
The equal time commutators are supported at ~x = ~y in locally or globally Lorentz invariant quantum field
theories. This may not remain strictly valid in quantum gravity, in particular when (3 + 1) -decomposition
is not possible.
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V. Affine Connections and the Extended Lagrangian Formalisms
The variational problems discussed in the previous section give two sectors of equations. The first sector
is obtained by varying the action w.r.t Cαµν and is given by Eqs.(23,30). Eq.(23) is homogeneous and
contains no time derivatives. It acts like a constraint. We obtain Eq.(30) when we include suitable sources.
However, Eq.(30) is also an algebraic equation for the known sources which are presently fermions coupled
with torsion and we will have to extend these formalisms to introduce dynamic Cαµν . We will also have to
extend the metric-affine formalism developed for quantum field theory in curved spaces where metricity is a
constraint to have locally Minkowskian structure of the background spacetime [38,41]. We first try to extend
the formalism to construct a quantum theory with finite and dynamic Cαµν . Here, we extend the formalisms
in two alternate ways. The equations obtained are differential equations with time derivatives.
We can construct a theory by using the potential formalism. By potential formalism we mean a formalism
where Cαµν is derived from a tensor of lower rank. This is case with the Levi-Civita connections that are
derived from metric. We will then have a set of differential equations including time derivatives in place of
Eqs.(23,30) and we can introduce non-metricity even in the source-free theory by using nontrivial solutions
of the homogeneous differential equations. We can use Eqs.(11,12) to define symmetric connections, where
aµν , bµν are symmetric. Non-metricity is ensured by: aµν 6= kgµν , where k is a constant which can be
zero. This is a mild constraint, the otherwise of which gives the Levi-civita connections. The Ricci tensor is
symmetric in this case. This is obvious from ∇′µ ≡ ∂µ and Eq.(31). We have:
Cκκα = S
κ
κα = ∂α(ln
√
|b|); Hκαβ = 0 (34)
Where b is the determinant of bµν given in Eqs.(11,12). We have: ∂[µ∂α](ln
√|b|) = 0 and R[µν] vanishes by
Eq.(31). Thus, it is appropriate to use aµν to describe the connections when the Ricci tensor is symmetric.
Note that
√|b| is a scalar density. In the next section, we will consider two simple cases that give non-
metricity and that can be useful to explain cosmological accelerations.
We now discuss another model with zero torsion. Thus, we are considering the Palatini formalism. We
asuume that C˜αµν is given by:
C˜αµν = ∇′αqµν (35)
Here qµν is a symmetric tensor and ∇′α uses the Levi-Civita connections given by Eqs.(9,10). This can
be useful when the Ricci tensor is not symmetric. We put this expression in the Palatini action given by
Eqs.(8,22). We then take variational derivatives w.r.t qµν . In this case, the action contains a second order
derivative which does not contribute to the variational derivative by the Levi-Civita connections of ∇′µ and
the Gauss’s law form of Stoke’s theorem [26]. We have the following equation:
2∇′κ∇′(µqα)κ − gµα∇′λ∇′κqλκ −∇′µ∇′αq = 0 (36)
Where, gµν is a solution of the metric sector Einstein’s equation, ∇′λ is the corresponding metric compatible
covariant derivative that uses the Levi-Civita connections and q is the trace of qµν . All the above equations
are dynamical and all conjugate momenta are finite. Moreover, time derivative of all components of qλκ are
present in the complete set of equations. In this case, the modified Ricci tensor is symmetric and the Ricci
tensor can be made symmetric by imposing the constraint: ∇′[µC˜κ|κ|α] = 0. This leads us to introduce a
scalar field:
∇′κqκα = −∇′αζ (37)
Eq.(36) gives us the following relation between the trace of qµν and ζ:
∇′µ∇′µ(q) = 2∇′µ∇′µ(ζ) (38)
There will be a non-holonomic constraint to ensure nonmetricity: ∇′(µqα)κ 6= 0. The trace of ∇′(µqα)κ is
−∇′κζ, when the corresponding Ricci tensor is symmetric.
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We can also construct a special model with: Hαµν = ∇′αfµν , where fµν is an antisymmetric tensor, and
include both qµν and fµν . A detail potential formalism of torsion is discussed in [42]. Here we have the
following set of equations for qµν and fµν :
2∇′κ∇′(µqα)κ − gµα∇′λ∇′κqλκ −∇′(µ∇′α)q + gµα∇′λ∇′κfλκ = 0 (39)
∇′λ
{
∇′[µfα]λ
}
−∇′[µ∇′α]q = 0
This is a set of coupled differential equations which are dynamical in nature. The last term in both the
equations give coupling between qµν and fµν and vanishes when torsion is vanishing. We again find that
in the metric-affine theory we have finite qµν when fµν is finite. Non-metricity need not to preserve local
Minkowskian structure of spacetime [38], and the particle interpretations of these fields are not obvious.
These fields, although massless, can be important in inflation driven by scalar as well as higher spin fields
[43,44,45,46]. We will later discuss the dynamics of this model. If required, we can also use other potentials
for torsion [42].
Alternatively, we can use different actions to construct the dynamics of Cαµν field itself. We can include
higher order curvature scalars like RµνRµν in the Einstein-Hilbert Lagrangian with the Riemann curvature
tensor evaluated using finite Cαµν as given by Eq.(13). This is interesting if we consider the renormalizability
of quantum gravity. We can also use extended theories of gravity like the Palatini f(R) gravity or metric-
affine f(R) gravity. One can look at [6,8] for reviews on this topic. When we use the curvature scalar
given by Eq.(22) in a metric-affine f(R) gravity, we can no longer neglect the total divergence middle term:
2gµα∇′[κCκµ]α. It will couple with other terms of Rµν and we will have differential equations for Cκµα in
general. This can give dynamic on shell Cκµα. We will have to ensure non-metricity. We will again have finite
C˜αµν in general when H
α
µν is finite. We can also use the potential formalism in such theories. A relevant
formulation is the dynamical theory of metric compatible torsion (contorsion) discussed by a few authors
with different actions [47,48]. These papers introduce metric compatible torsion in an effective action of
quantum gravity obtained from the Einstein-Hilbert action and discuss propagators for the corresponding
particles. Corresponding potential theory of torsion is ghost free in this formalism [47]. For our purpose, it
is appropriate to extend the Einstein-Hilbert-Palatini action at the classical level. We can also use theories
like string theory.
VI. Applications in Cosmology
In this section, we will consider applications of the potential formalism of the Palatini theory discussed
previously to introduce finite on shell non-metricity. Corresponding Cαµν are symmetric in the lower indices
and the sources do not couple with these fields. We have mentioned some examples in sections:II,V. We also
consider symmetric Ricci tensors only. This is the most relevant case when we consider semiclassical and
classical limits of quantum gravity. This example will introduce two massless scalar fields. One of them will
contribute a negative stress tensor to Einstein’s equation in the semiclassical or classical theories. We will
use the geometrized units in the following where, G = c = 1.
In section:II, we have mentioned that we can introduce non-metricity by defining the affine connections
to be compatible with a symmetric covariant field: bµν = gµν + aµν ; aµν 6= kgµν , where k is a constant
including zero. In the last section we have found that such a set of affine connections give a symmetric Ricci
tensor. We now break aµν into a trace and a traceless part:
aµν(x) = Φ(x)gµν + a¯µν(x); Φ(x) =
a(x)
4
(40)
Where, Φ is a scalar field, a(x) is the trace of aµν and a¯µν is trace-free. We can express corresponding C˜
α
µν
in the following way:
C˜αµν = δ
α
(µ∇′ν)[ln(1 + Φ)]−
1
2
gµν∇′α[ln(1 + Φ)] + Eαµν (41)
The first two terms in the r.h.s gives the contribution of the trace part of bµν given by: (gµν + Φ(x)gµν),
[28]. Eαµν can be expressed in terms of gµν , aµν and their derivatives. A further contraction of the third
term in the covaraiant indices leads to the following expression for a general aµν :
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C˜αµν = δ
α
(µ∇′ν)[ln(1 + Φ)]−
1
2
gµν∇′α[ln(1 + Φ)] + gµν∇′αΨ + gµνEα + E¯αµν (42)
Where, Eα is a vector field which is not a gradient and E¯αµν is traceless in the lower indices. Φ gives
the trace-scalar of aµν . The scalar Ψ is also expected. In the Minkowski space, we have a spin zero boson
associated with a¯µν in addition to a spin one boson and a spin two boson. We will discuss this aspect further
below Eq.(53).
We now consider the simplest cases of Eq.(42). We first consider the case where the traceless part of aµν
vanish and which introduces a scalar field only:
bµν = gµν + Φ(x)gµν = χ(x)gµν (43)
We use affine connections that are compatible with bµν which is conformal to metric. In this case, C˜
α
µν and
the modified curvature scalar are given by the following expressions [28]:
C˜αµν = δ
α
(µ∇′ν)[ln(1 + Φ)]−
1
2
gµν∇′α[ln(1 + Φ)] (44)
R = R′ − 3
2
1
(1 + Φ)2
(∇′Φ)2
Here (∇′Φ)2 = (∇′µΦ)(∇′µΦ), is the norm of the gradient of Φ and the primed quantities are evaluated
using the Levi-Civita connections. For small Φ (<< 1), we have the following modification of the r.h.s of
Einstein’s equation where covariant derivatives are evaluated using the Levi-Civita connections [28]:
∇′κ∇′κχ+ 1
χ
(∇′χ)2 = 0 ≈ ∇′κ∇′κΦ + (∇′Φ)2 (45)
G′µα = 8piP ′µα +
3
2χ2
[(∇′µχ)(∇′αχ)− 1
2
gµα(∇′χ)2]
≈ 8piP ′µα + 3
2
[(∇′µΦ)(∇′αΦ)− 1
2
gµα(∇′Φ)2]
= 8pi[P ′µα +
3
16pi
P ′µα(Φ)]
Where, we have considered terms upto second order in Φ. P ′µα is the stress tensor of ordinary matter.
P ′µα(Φ) is the stress tensor of an ordinary masless scalar field. Both χ and Φ are massless. We find that the
scalar field Φ behaves like a massless scalar field with its stress tensor coming as a source term in Einsrein’s
equation. This field can be useful to explain inflation. We can modify the metric-affine action by adding
potential term for χ or Φ. To ensure non-metricity, we have the following condition:
∇µgαβ = −gµ(α∇′β)[ln(1 + Φ)] 6= 0 (46)
This is a mild condition. In the present case, matter fields do not couple with Φ. The only observable effect
of Φ is to produce a massless scalar field stress tensor in Einstein’s equation.
We now consider the other case where only Ψ is finite:
C˜αµν = gµν∇′αΨ (47)
We have the following expressions for different quantities:
Rµα = R′µα + gµα(∇′Ψ)2 − (∇′µΨ)(∇′αΨ) (48)
R = R′ + 3(∇′Ψ)2
We now solve the corresponding extremization problem and obtain the following set of equations:
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∇′κ∇′κΨ = 0 (49)
G′µα = 8piP ′µα − 3[(∇′µΨ)(∇′αΨ)− 1
2
gµα(∇′Ψ)2]
= 8pi[P ′µα − 3
8pi
P ′µα(Ψ)]
Where, P ′µα is the stress-tensor of ordinary sources and P ′µα(Ψ) is the stress-tensor of the massless scalar
field Ψ. This stress tensor satisfy all the energy and pressure conditions that the stress-tensor of a massless
scalar field satisfies but it comes with an opposite sign in the r.h.s of Einstein’s equation, when we state the
equation using the Levi-Civita connections. Thus, the effect of Ψ introduced to generalize the Levi-Civita
connections, is to contribute a negative massless scalar field stress tensor to the sources of the Einstein
equation obtained from the Einstein-Hilbert action formalism. This gives us an alternate way to explain
effects that dark energy is proposed for. Negative stress-tensor is also important in Hoyle-Narlikar theory
of gravity and also in wormhole and warp drive [49,50]. In this case, we can not generate the cosmological
constant with ordinary massless scalar field Ψ for which the energy density is positive definite. We have the
following expression for non-metricity:
∇µgαβ = −2gµ(α∇′β)Ψ (50)
This expression is similar to the non-metricity obtained for Φ apart from a factor of 2. We now consider the
case when both (Ψ,Φ) are present. C˜αµν is given by the following expression:
C˜αµν = δ
α
(µ∇′ν)[ln(1 + Φ)]−
1
2
gµν∇′α[ln(1 + Φ)] + gµν∇′αΨ (51)
We obtain the following expression for the modified curvature scalar:
R = R′ − 3
2
1
(1 + Φ)2
(∇′Φ)2 + 3(∇′Ψ)2 + 3
(1 + Φ)
[(∇′κΦ)(∇′κΨ)] (52)
We have the following generalization of Einstein’s equation:
∇′κ∇′κΨ + 1
2
1
(1 + Φ)
∇′κ∇′κΦ = 0 (53)
3
2
∇′κ∇′κΦ + 1
(1 + Φ)
(∇′Φ)2 − (∇′κΨ)(∇′κΦ) = 0
G′µα = 8pi[P ′µα +
3
16pi
P ′µα(Φ)− 3
8pi
P ′µα(Ψ)− 3
8pi
P ′µα(Ψ,Φ)]
P ′µα(Ψ,Φ) =
1
(1 + Φ)
[(∇′(µΨ)(∇′α)Φ)− 1
2
gµα(∇′κΨ)(∇′κΦ)]
The first two equations are the equations for Ψ and Φ respectively. We find that coupling of Ψ with Φ
gives another contribution to source stress tensor which can be positive or negative. This is again important
for dark energy research. It is interesting to note that we can always have a set of aµν for which only Φ
is present in spacetime. On the other hand, Eq.(47) corresponds to the choice: Φ, ∂µΦ, E
α, E¯αµν = 0, in
Eq.(42). It is expected that we will have non-trivial solutions of the above constraints and Eq.(47) that
are in general finite when Ψ is so. We have assumed this to be valid in this article. Otherwise, we can
always have Eq.(47) by using the symmetric potentials introduced in the previous section. We can choose:
qµν = Ψ
′(x)gµν , in Eq.(35). This will give a symmetric Ricci tensor with ζ = −Ψ′, in Eq.(37). We need not
to include the later if we have non-trivial aµν with Φ, E
α, E¯αµν = 0,Ψ 6= 0; in Eq.(42). This is because Ψ
(with Ψ′ = 0), Ψ′ (with Ψ = 0) and Λ = (Ψ + Ψ′) satisfy the same differential equation, Eq.(49). Similar
comments remain valid when we assume C˜αµν to be given by Eq.(51). In this case, Ψ can come either from
aµν or qµν depending on mathematical considerations similar to those discussed above. These discussions
remain valid in general when all the terms in the r.h.s of Eq.(42) are finite and we again have two scalar
fields (Ψ,Φ).
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We now briefly discuss the geometrical significance of (Ψ,Φ) and corresponding non-metricities given by
Eqs.(46,50). We define the the non-metricity tensor by:
Qµαβ = −∇µgαβ = gµ(α∇′β)[ln(1 + Φ)]; 2gµ(α∇′β)Ψ (54)
Both Ψ and Φ can be present in the manifold when non-metricity is required. We can split Qµαβ into a
trace Qµ and traceless part Q¯ in the last two indices [38]:
Qµαβ = Qµgαβ + Q¯µαβ ; (55)
Both trace and traceless parts of Qµαβ are finite for the above cases. Corresponding connections do not
preserve the light cone under parallel transport and we no longer have the local Minkowski structure of
spacetime [32,38]. Thus, we can not have exact (3 + 1) -splitting of the underlying manifold into space and
time. We find that departure from local Minkowski geometry can give new fields like dark matter, dark energy
and inflation not found ordinarily. A few examples of non-metric affine connections with vanishing Q¯, that
are local gauge theories for the Weyl group (Poincare group plus dilatation), are discussed in the references
given at the footnote 24 of [38]. We can have finite or vanishing torsion in such theories. These theories
preserve the light cone under parallel transport and are locally Minkowski due to the reparameterization
invariance of geodesics [28].
The scalar fields (Ψ,Φ) are purely quantum gravitational in origin. They are kinematically required in
quantum gravity. In this domain, Qµαβ can not vanish due to the arguments given in Sect.III. (Ψ,Φ)
are finite every where and hence, they are non-localized similar to dark energy and inflation. They break
the local Minkowski structure of spacetime, and are not present in the matter-gravity coupling part of the
semiclassical theory of quantum gravity which presently is locally Lorentz invariant quantum field theory
in curved spaces. It is unexpected that any significant coupling between (Ψ,Φ) and ordinary matter like
fermions, present in the full quantum theory, will be lost in the semiclassical limit. Thus, we assume that
(Ψ,Φ) can be present without corresponding sources from ordinary matter. They contribute non-trivially
to the source stress tensor of Einstein’s equation and are possible candidates for dark energy and inflation.
Dark energy is non-localized, have negative pressure and is primarily observed by their gravitational effects.
These make Ψ a possible candidate for dark energy. Φ can be a possible candidate for inflation. The
amount of dark energy is much higher than ordinary matter and (Ψ,Φ) need not to have ordinary matter
with finite hypermomentum as their sources. A complete theory of quantum gravity will illuminate this
issue further. (Ψ,Φ) are in line with other scalars introduced similarly, like the dilaton [51]. Observed local
Lorentz invariance in many experiments indicate that (Ψ,Φ) are presently very small. This can explain the
smallness of parameters like the cosmological constant required to explain present cosmological acceleration
in some models. With (Ψ,Φ) being small and non-localized, their effects are usually observed in large
scale phenomena and are not much significant in small scale astrophysics like that of the Solar system.
This is another characteristic aspect of dark energy. Quantum fluctuations in (Ψ,Φ), including vaccuum
fluctuations, can also be useful to explain different cosmological eras. (Ψ,Φ) will be coupled with each other
when we include both of them. This is given by Eq.(53). When required, we can include Eα, E¯αµν , qµν and
torsion potentials to explain different cosmological observations. A related problem is to find out possible
interactions and particle interpretations of fields that correspond to different representations of the Lorentz
group when the local Minkowski structure of spacetime is broken strongly. This will happen in the quantum
gravitational domain. This will be important to understand the relations between the complete set of fields
including dark matter, dark energy, ordinary matter and gauge fields. We can continue to describe gauge
theories by potentials. This is consistent with the Palatini formalism, since the potentials are analogous to
connections in the geometric theory of gauge fields [52]. To illustrate, we can describe the electromagnetic
field tensor by a set of potentials in a gauge invariant way, [38]:
Fαβ = gαµgβνFµν = g
αµgβν [∇µAν −∇νAµ + TαµνAα] = gαµgβν [∂µAν − ∂νAµ] (56)
The above definition is valid in the metric-affine theory with finite torsion. Tαµν vanish in the Palatini
formalism. We find that Aµ do not couple with C
α
µν . This aspect remains valid for the non-Abelian gauge
theories where the field-strength tensors are given by gauge-covariant curls of the corresponding potentials
[53]. The discussions above Eq.(56) are new perspectives in quantum gravity deduced mathematically in
this article and partly supported by cosmological observations.
We can try to introduce coupling between (Ψ,Φ) and fermions in quantum gravity by removing the
antisymmetry and metric compatibility conditions on contorsion provided the non-local character of (Ψ,Φ)
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is maintained. We will also have to explain why such coupling is not significant in the semiclassical and
classical theories. Otherwise, we can have observable effects of non-metricity in events like NS-NS, NS-WD
and WD-WD mergers [54,55].
As a first approximation, we can use semiclassical and classical theories like quantum and classical fields
in curved spaces to find the effects of (Ψ,Φ) when the full quantum theory is not much significant. This will
be useful in cosmic epoch. Lastly, the action for scalar-tensor theories is given by [6]:
S =
∫
d4x
√−g[f(φ,R′)− ζ(φ)(∇′φ)2]+ Sm(ψ, gµν) (57)
Where, ψ represents other matters including radiation. We find from Eqs.(44,48) that the fields (Ψ,Φ) can
be described by such theories with ζ(Ψ) = −3 and ζ(Φ) = 32 1(1+Φ)2 . f(φ,R′) = R′ for both fields. This
indicates some of the quintessence, k-essence scalars can have purely geometrical origin similar to (Ψ,Φ).
VIII. Conclusion
In this article, we have considered the issue of construction of covariant derivative operator in quantum
gravity. We have used the canonical quantization approach and Palatini action to illustrate this issue. We
have found it is more perceptive to use all basic covariant structures of geometry to formulate a quantum
theory of gravity. This is valid irrespective of the presence and nature of sources. These covariant structures
of geometry include metric and a third rank tensor Cαµν . We call this field as supertorsion. The later field
leads to affine connections more general than the metric compatible Levi-Civita connections. Symmetric
part of Cαµν in the lower indices can introduce scalar fields and symmetric second rank covariant tensors.
Antisymmetric part of this tensor in the lower indices gives half of torsion tensor.
We have found that the familiar Palatini formalism and metric-affine gravity are not sufficient to construct
a quantum theory of gravity. We have considered possible extensions of these formalisms to construct
a quantum theory. We can do so by using potentials to express connections. Alternatively, we can use
more general actions than the Palatini action to construct a quantum theory. We can include higher order
curvature inavariants like RµνR
µν in the metric-affine action. We can also use the Palatini f(R) gravity or
metric-affine f(R) gravity. In the simple cases considered in this article, the potential formalism introduce
two massless scalar fields in the theory. They are non-localized and one of them contribute negative source
stress-tensor to the familiar Einstein equation. This can be useful to explain early universe inflation and dark
energy that require negative pressure. This is also important for wormholes and warp drive which require
negative energy. The other scalar field, when supplemented by suitable potentials, will be useful to explain
the early universe inflation [56,57]. We can introduce other fields from general affine connections. We have
found that general affine connections do not preserve the light cone under parallel transport and bring us
beyond a strict local Minkowski spacetime. Inexactness of parallel transport in quantum gravity mentioned
below Eq.(16) also does not preserve the light cone under parallel transport. However, the later does not
introduce any new field. Inflation, dark energy, dark matter, renormalizability and the issue of (3 + 1)-
splitting of spacetime into space and time have been primary fields of quantum gravity research that have
found a common place here. We find that the Lagrangian formalism, where we do not need (3 + 1)-splitting
of spacetime into space and time, is more general to construct a quantum theory of gravity [28,30,58]. Affine
connections can also be useful to construct theories alternatives of cosmic inflation [59].
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Appendix:A
Here, we make a few comments on what will happen to Eq.(20) when we choose a different operator
ordering in the Levi-Civita connections than that discussed below Eq.(16). We first discuss what happens to
the dicussions below Eq.(20) when we consider a symmetric ordering in the Levi-Civita symbol. The r.h.s
of Eq.(20) is now non-vanishing and we get the following condition when we consider the action of ∇ˆ′xk on
both sides of Eq.(19):
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−
[
[gˆατ (t, ~x), Mˆτk(p(t, ~x)]gˆ|α|l)(t, ~x), pˆipl(t, ~y)
]
= i∇ˆ′xk[δp(pδll)δ(~x, ~y)] (58)
Where, Mαµν =
1
2 [∂µ(gαν)+∂ν(gµα)−∂α(gµν)] and we have kept gˆαl and gˆαp at the right of the connections.
We have used the fact that ∇ˆ′µ[gˆαβ ] ≡ 0, when the operator ordering in the Levi-Civita connections is taken
to be the same as that discussed below Eq.(16) and given by Eq.(7). We also have, gˆακgˆκβ = δ
α
β . We need to
solve the constraints and gauge fixing conditions to find exact expressions of both sides. We can construct a
general form as follows. The r.h.s was mentioned below Eq.(19). The commutator within the commutator
in the l.h.s of the above equation, when finite, will be independent of ~y and will contain singular quantities
in coordinates ~x. If we multiply both sides by a regular function f(~y) and integrate w.r.t ~y over the spatial
section, the r.h.s will give a regular expression although the l.h.s remains divergent. In the most favorable
situation, the l.h.s can be of the form: is(~x, ~x)∇ˆ′xk[δp(pδll)δ(~x, ~y)], where s(~x, ~x) is a singular quantity. This
is not same as the r.h.s. Thus, we again obtain a contradiction similar to that discussed below Eq.(20).
Lastly, many other ordering of ∂λgαβ and g
µν in the Levi-Civita connections can be expressed as a linear
combination of the ordering given by Eq.(7) and the symmetric ordering considered here. Corresponding
covariant derivative is given as: ∇ˆµ = m∇ˆ1µ + (1 − m)∇ˆ2µ, where the covariant derivatives in the r.h.s
correspond to the two orderings mentioned before and m can be negative. With ∇ˆ1µ(gˆαβ) = 0, we will again
have contradictions similar to those discussed in this article.
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